Abstract. Let F be a non-Archimedean local field. We study the restriction of an irreducible admissible genuine representations of the two fold metaplectic cover GL 2 (F) of GL 2 (F) to the inverse image in GL 2 (F) of a maximal torus in GL 2 (F).
Introduction
Let F be a non-Archimedean local field. A well-known theorem due to J. Tunnell [Tun83] for p = 2, and H. Saito [Sai93] in general, describes the restriction of an irreducible admissible representation of GL 2 (F) to a maximal torus E × ⊂ GL 2 (F), where E is any maximal commutative semisimple subalgebra of M 2 (F). One of the first conclusions about this restriction is that for any irreducible admissible representation π of GL 2 (F) and a character χ : E × → C × such that χ| F × is the central character of π, then dim Hom E × (π, χ) ≤ 1. If π is a principal series representation of GL 2 (F), or E = F ⊕ F and π not one dimensional, then we have dim Hom E × (π, χ) = 1.
This result on restriction of representations of GL 2 (F) to maximal tori may be considered as the first case of branching laws from SO n+1 (F) to SO n (F) which were formulated as conjectures by B. Gross and D. Prasad [GP92] , and which were recently proved by Waldspurger and Moeglin-Waldspurger [MW12] .
The aim of the present work is to initiate a similar study on restriction of representations of GL 2 (F), the metaplectic GL 2 (F), which is a twofold cover of GL 2 (F), to the inverse imageẼ × of E × in GL 2 (F) where E is any maximal commutative semisimple subalgebra of M 2 (F).
We will see that one of the crucial first steps, that of multiplicity one, is lost in the metaplectic case, although there is still finiteness, even boundedness of multiplicities by explicit constants. It is hoped that metaplectic restriction problem will have some interest, and that this paper can serve as a first step.
The main theorem of this paper is the following. In particular, we see that the multiplicity of an irreducible genuine representation σ ofẼ × in an irreducible admissible genuine representation of GL 2 (F) is at most dim σ. The theorem turns out to be almost straightforward to prove in the cases when the representation π is either a principal series representation or E = F ⊕ F. The more difficult part -something which we accomplish only for odd residue characteristicis to understand the restriction of an irreducible genuine supercuspidal representation π of GL 2 (F) toẼ × where E/F is quadratic field extension and E × ֒→ GL 2 (F). In this case, when the residue characteristic is odd, we reduce the question on restriction from GL 2 (F) toẼ × to a question on restriction from SL 2 (F) to E 1 , where E 1 is the group of norm 1 elements of E × . We shall do it in two steps.
(1) Reduce the question on restriction from GL 2 (F) toẼ × to a question on restriction from SL 2 (F) toẼ 1 . This can be done for all residue characteristics.
(2) When the residue characteristic is odd, using a correspondence (that we define in Section 8 using compact induction) between the set of isomorphism classes of irreducible genuine supercuspidal representation of SL 2 (F) and that of SL 2 (F), we reduce the question of restriction from SL 2 (F) toẼ 1 to a question of restriction from SL 2 (F) to E 1 . In the second step, we need to restrict ourselves to the odd residue characteristic case because it is in this case when the metaplectic cover SL 2 (F) splits when it is restricted to a maximal compact subgroup of SL 2 (F), and this splitting is used in executing the 2nd step.
We give a brief outline of the paper now. In Section 2, we recall the twofold cover of GL 2 (F) under consideration. In Section 3, we describe the group structure on the inverse image in GL 2 (F) of maximal tori in GL 2 (F) in an explicit way. The inverse images of tori may be called 'Heisenberg groups', which we discuss in some detail, proving some of its important properties and then describe their representations in Section 4. In Section 5, we prove that the inverse images of tori are Heisenberg groups in the sense as defined in the earliar section, and then we describe their irreducible genuine representations. In Section 6, the restriction of a genuine principal series representation to a non-split torus is considered. In Section 7, the restriction of any irreducible admissible genuine representation to the split torus has been considered. In Section 8, restricting ourselves to the case of odd residue characteristic, we define a correspondence between the irreducible genuine supercuspidal representation of SL 2 (F) and irreducible supercuspidal representation of SL 2 (F). In Section 9, we study the restriction of an irreducible supercuspidal representation of GL 2 (F) to a non-split torus. We use the correspondence defined in Section 8 and transfer the question of this restriction to another question of restriction of a supercuspidal representation of SL 2 (F) to E 1 .
In closing the introduction, we mention that [Pat15] which is the first author's thesis, similar branching laws were considered from GL 2 (E) to GL 2 (F) for E a quadratic extension of F, which may be considered as branching laws from SO 4 to SO 3 in the context of two-fold nonlinear covers. It may be added that the multiplicity formulae here involving |E × /F × E ×2 | (instead of 1 in [GP92] ), as contained in remark 1.3, is also the multiplicity obtained in [Pat15] -and could well be considered to be true more generally for branching laws for twofold metaplectic covers of GSpin n (F) to the corresponding cover of GSpin n−1 (F). Both the work [Pat15] , and this one, has the common feature with [GP92] , that to get this 'uniform multiplicity', we need to add pure innerforms of the smaller group in [Pat15] , whereas here we need to add the contributions keeping the smaller group the same in this work. The methods in the two papers: [Pat15] and this one, are quite different.
Preliminaries
Let F be a non-Archimedean local field. The group SL 2 (F) has a unique twofold cover (up to isomorphism), called the metaplectic cover of SL 2 (F) denoted by SL 2 (F). There are many in-equivalent twofold covers of GL 2 (F) which extend the above twofold cover SL 2 (F) of SL 2 (F). In what follows, we fix a twofold covering of GL 2 (F)
The action of F × on SL 2 (F) lifts to an action on SL 2 (F). We fix the twofold cover GL 2 (F) of GL 2 (F) as GL 2 (F) := SL 2 (F) ⋊ F × and call it the metaplectic cover of GL 2 (F). We have a short exact sequence
where µ 2 = {±1}. This twofold cover GL 2 (F) of GL 2 (F) is defined by a 2-cocycle, called Kubota cocycle
We identify GL 2 (F) by GL 2 (F) × µ 2 as a set on which the group multiplication is defined using the cocycle β. Let B be the set of upper triangular matrices of GL 2 (F).
The restriction of β to B is given by
where (·, ·) F denotes the quadratic Hilbert symbol of the field F. In particular, if
For a non-trivial character ψ : F → C × , let γ(ψ) denote the 8-th root of unity associated to ψ by A. Weil, called the Weil index. For a ∈ F × , let ψ a : F → C × be the character of F given by ψ a (x) := ψ(ax). Define
It is known that
Let T 0 be the diagonal split torus of SL 2 (F). Because of the commutation relation (3), the inverse imageT 0 of T 0 is abelian. For a ∈ F × , let a be the diagonal matrix a 0 0 a −1 ∈ SL 2 (F). Because of (4), the mapT 0 → C × given by
defines a genuine character ofT 0 where ǫ ∈ µ 2 . For any subset X of GL 2 (F), letX be the full inverse image inside GL 2 (F) determined by the projection GL 2 (F) → GL 2 (F).
Recall that F × embedded diagonally as scalar matrices in GL 2 (F) is the center of GL 2 (F) and the covering GL 2 (F) −→ GL 2 (F) restricted to the center of GL 2 (F) is non-trivial. In fact, the cocycle is simply given by β a 0 0 a ,
is non-trivial, althoughF × is an abelian group. Note that (a, ǫ) → ǫµ ψ (a), where ǫ ∈ µ 2 , defines a genuine character ofF × .
Group structure of inverse images of the tori
Among the most important information about the covering GL 2 (F) −→ GL 2 (F) for us is the precise knowledge about the group structure of the inverse image of the tori of GL 2 (F) inside GL 2 (F). First consider the case of split torus.
Lemma 3.1. Let T be the diagonal torus of GL 2 (F) and T 2 = {t 2 : t ∈ T}. The subgroupT 2 is the center of the groupT. Let Z = F × denote the center of G, then the subgroupZT 2 is a maximal abelian subgroup ofT.
Proof. From the commutation relation in (3), it is clear thatT 2 is contained in the center. Let x = diag(a, b) ∈ T andx ∈T be any lift of x. Ifx is in the center ofT then we prove that a, b ∈ F ×2 . Supposex is in the center ofT. In particular,x commutes with diag(c, 1) and
. This proves that the center ofT isT 2 . SinceZ is abelian by the same commutation relation,ZT 2 is an abelian subgroup of T. We need to prove that it is a maximal abelian subgroup of T.
Takex ∈T as above, and suppose it commutes with all the elementsỹ ∈ZT 2 where y = diag(αm 2 , αn 2 ) with α, m, n ∈ F × . By the commutation relation in (3), we get that (a, α) = (b, α), or in other words (ab −1 , α) = 1 for all α ∈ F × and hence ab −1 ∈ F ×2 . Thusx ∈ZT 2 . Now we consider the case of a non-split torus. Let E/F be a quadratic extension. Let E × ֒→ GL 2 (F) be the non-split torus determined by the quadratic extension E/F. We will continue to denote by T the diagonal torus of GL 2 (F).
Since the covering 1 → µ 2 →F × → F × → 1 is non-trivial and F × ֒→ E × , the cover
is also non-trivial. In fact,Ẽ × is a non-abelian group. The following lemma gives a more precise information onẼ × . The following well-known relationship among the Hilbert symbols will be very useful to us. We thank Adrian Vasiu for the proof below. We will use this relationship on several occasions, sometimes without explicitly mentioning it.
Lemma 3.3. Let E/E be a finite extension of p-adic fields with
µ n ⊂ F × . For a ∈ E × and b ∈ F × , we have (a, b) E = (Na, b) F , relating
the n-th Hilbert symbols on F and E.
Proof. Observe the following commutative diagram from the local class field theory:
be the corresponding element of Gal(E ab /E), or Gal(F ab /F) as the case may be. By definition,
and then the proof of the lemma follows. Now we describe some properties of the groupẼ × . Proof. From the commutator relation in Lemma 3.2, it is clear thatẼ ×2 is contained in the center ofẼ × . From the same commutator relation combined with Lemma 3.3, it follows thatF × is abelian. SinceẼ ×2 is contained in the center ofẼ × , the subgroup F ×Ẽ×2 is abelian.
To prove that the subgroupF ×Ẽ×2 is maximal abelian, letã ∈Ẽ × commute with all the elements ofF ×Ẽ×2 . We need to prove thatã ∈F ×Ẽ×2 .
SinceẼ ×2 is contained in the center ofẼ × , [ã,b] = 1 for allb ∈F ×Ẽ×2 is equivalent to [ã,b] = 1 for allb ∈F × . Using Lemma 3.2 and Lemma 3.3, for b ∈ F × , we have:
, and this is possible only if a ∈ F × E ×2 (observe that since e/ē = e 2 /(eē), E 1 ⊂ F × E ×2 ). This proves thatF ×Ẽ×2 is a maximal abelian subgroup ofẼ × .
Lemma 3.5. The groupẼ ×2 is equal to the center ofẼ × .
Proof. We already know thatẼ ×2 is contained in the center ofẼ × , and thatF × ·Ẽ ×2 is a maximal abelian subgroup ofẼ × . Let f ∈F × be in the centre ofẼ × . It follows that,
Since the Hilbert symbol is a non-degenerate bilinear form on F × /F ×2 , and NE × is an index 2 subgroup of F × , the orthogonal complement of NE × (this is defined to be the set of elements a ∈ E × such that (a, x) = 1 for all x ∈ NE × ) must contain F ×2 as a subgroup of index 2.
Observe the identity:
By the definition of the Hilbert symbol, this means that
for all e ∈ E × . Since d is not a square in F × , it follows that the group generated by
. This proves thatẼ ×2 is equal to the center ofẼ × .
Heisenberg group and its representations
The inverse images of tori (both split and non-split) of GL 2 (F) inside GL 2 (F) are extensions of abelian groups by µ 2 , and may be called 'Heisenberg groups'. Although Heisenberg groups are omnipresent in representation theory, we do not know a convenient reference for our use, so we have preferred to define them and prove some of their key properties that will be used throughout the paper. For such a group Σ, the quotient Σ/Z(Σ) is clearly an abelian group, and the commutator map defines a bilinear form
i.e., for e 1 , e 2 ∈ Σ/Z(Σ), we have B(e 1 , e 2 ) := [ẽ 1 ,ẽ 2 ] whereẽ 1 ,ẽ 2 are arbitrary lifts of e 1 , e 2 in Σ. For an abelian group X, letX denote the group of characters of X. Define
Observe that the homomorphism f B is injective (if [ã,ẽ] = 1∀e ∈ Σ, then by definition,ã ∈ Z(Σ)). The bilinear form B is said to be non-degenerate if the corresponding homomorphisms f B from Σ/Z(Σ) to its character group is an isomorphism. In terms of the bilinear form B, a subgroup A of Σ is abelian if and only if the bilinear form B on AZ(Σ)/Z(Σ) is identically zero. The subgroups of Σ/Z(Σ) on which the bilinear form B is identically zero are called isotropic subgroups. It follows that a subgroup A of Σ containing Z(Σ) is maximal abelian if and only if its image in Σ/Z(Σ) is maximal isotropic. If A is isotropic, the natural map from Σ/A to the set of charactersÂ of A is surjective and if A is maximal isotropic, this map is an isomorphism. Note that if A is an abelian subgroup of Σ then the subgroup of Σ generated by A and Z(Σ) is also abelian. It follows that if A is a maximal abelian subgroup of Σ then A necessarily contains the center Z(Σ) of Σ. 
A key property of Heisenberg groups that we will use is the following. Let A be a maximal abelian subgroup of Σ (thus containing Z(Σ)). Then Σ/A is an abelian group and naturally acts onÂ, the set of characters of A which are non-trivial on Z/p ⊂ Z(Σ). This action of Σ/A onÂ is faithful, i.e., χ e = χ for e = 1 in Σ/A. Equivalently, if e ∈ Σ \ A, χ ∈Â is non-trivial on Z/p ⊂ Z(Σ), then there exists an a ∈ A such that χ(eae −1 ) = χ(a), i.e. χ(eae −1 a −1 ) = 1. By the maximality of the abelian subgroup A inside Σ, given e ∈ Σ \ A there exists an a ∈ A such that eae −1 a −1 = 1. Since eae −1 a −1 ∈ Z/p and any nontrivial element of Z/p generates Z/p, it follows that for any nontrivial character χ of A which is nontrivial on Z/p, χ(eae −1 a −1 ) = 1 for any e ∈ Σ \ A. 
Proof. Let π be any irreducible genuine representation of Σ, and let λ be a character of Σ 1 which appears in π restricted to Σ 1 . By Clifford theory, if the action of Σ/Σ 1 on genuine characters of Σ 1 is faithful, then π ∼ = Ind
λ for any character λ of Σ 1 appearing in π. By the basic property of Heisenberg groups established already, we do know that the action of Σ/Σ 1 on genuine characters of Σ 1 is faithful proving part (1) and (2) of the proposition. Part (3) and (4) are clear as well. For part (5), it is clear that ind
ω σ is contained in σ restricted to Σ 1 . To prove equality, it suffices to prove that the two representations have the same dimension. Observe that dim ind Now we prove the non-degeneracy of the bilinear forms forT andẼ × . For the rest of the proof, write Σ for either of the two Heisenberg groupsT andẼ × . We need to prove that the homomorphism 
Restriction of principal series representations
In this section, we study the restriction of a genuine principal series representation of GL 2 (F) to the subgroupẼ × for E a quadratic field extension of F.
We first recall the notion of a principal series representation. Let T, B and N be respectively the group of diagonal matrices, upper triangular matrices and upper triangular unipotent matrices in G = GL 2 (F), andT,B andÑ their inverse images in the twofold coverG = GL 2 (F).
From the cocycle formula (2), it is clear thatÑ ∼ = N × µ 2 and we identify N with N × {1} in GL 2 (F). One hasB =TN.
Let τ be a genuine irreducible representation ofT. Take the inflation of the representation τ to a representation ofB by the quotient mapB →B/N ∼ =T and denote this by the same letter τ. The induced representation IndG B τ ofG is called a principal series representation of GL 2 (F).
SinceT is a Heisenberg group, its genuine irreducible representations are determined (up to isomorphism) by its central character, i.e. a genuine character ofT 2 . A character χ ′ of F ×2 can be considered as the restriction of a character χ of F × with χ ′ (a 2 ) = χ 2 (a). 
. SinceẼ × is a group which is compact modulo the center, the 2nd isomorphism in the assertion of the lemma follows from Frobenius reciprocity.
Corollary 6.2. Let σ be an irreducible genuine representation ofẼ × .
(1) Let π = IndG B τ be an irreducible genuine principal series such that
(2) Let π and π ′ be the two sub-quotients of a genuine reducible principal series representation IndG B τ such that ω σ |F×2 = ω π . Then for a quadratic extension E of F,
Restriction to split torus
In this section, we study the restriction of an irreducible admissible genuine representation of GL 2 (F) toT. We will be utilizing the Kirillov model for the representations of GL 2 (F) [GPS80, Section 3].
Let ψ : N ∼ = F → C × be a non-trivial character. Recall that the Kirillov model is an injective map K : π → C ∞ (F × , π N,ψ ) such that the action ofB on π is explicitly realized on the image of K. The subspace S(F × , π N,ψ ) consisting of the functions which have compact support is contained in K(π), the image of K, which isB-stable. Moreover, as aB-module we have the following short exact sequence
Notice that π N,ψ is aZ-module on which N acts by the character ψ.
Proposition 7.1. Let π be an irreducible admissible genuine representation of GL 2 (F).
(1) As aB-module,
(2) As aT-module,
Proof. The first part is part of Kirillov theory, see [GPS80, Section 3]., and the second is a consequence of Mackey theory.
Corollary 7.2. Let π be an irreducible genuine supercuspidal representation of GL 2 (F) and σ an irreducible genuine representation ofT with
ω π = ω σ |Z2. Then HomT(π, σ) ∼ = HomZ(π N,ψ , σ) ∼ = HomZ2(π N,ψ , ω σ ). In particular, dim HomT(π, σ) = dim π N,ψ =| Ω(π, ψ) | which
is independent of the choice of the additive character ψ of F, and where
By Frobenius reciprocity,
which proves the first isomorphism contained in the corollary.
The second isomorphism contained in the corollary follows since the multiplicity with which any genuine character ofZ is contained in π N,ψ is exactly one [GHPS79, Theorem 4.1], and every character in Ω(π, ψ) restricted toZ 2 naturally equals ω π = ω σ |Z2. 
For a principal series representations IndG B τ where we use un-normalized induction, instead of using the Kirillov theory, we directly use the action of T on the principal series representation by the geometeric nature of this action, and by Mackey theory get the following exact sequence ofT-modules:
For an irreducible genuine representation σ ofT, the functor HomT(−, σ) when applied to the short exact sequence in (8) results in the following long exact sequence:
From the Lemma 7.6 below, it follows that all representations ofT except τ and τ ω appear with the multiplicity with which it appears in indTZ(τ|Z) which is
On the other hand, if π is an irreducible principal series, it can also be expressed as IndG B (δ · τ ω ) (as un-normalized induction). This realization of the principal series π gives us the following long exact sequence ofT-modules:
Using this form of principal series, it follows by the same reasoning as above, that all representations ofT except δ · τ ω and δ −1 · τ appear with the multiplicity with which it appears in indTZ(τ|Z) which is [F × : F ×2 ].
Next we observe the following Lemma. (χ 1 /χ 2 , χ 2 /χ 1 ) = (ν 1/2 , ν −1/2 ), or (ν −1/2 , ν 1/2 ).
As recalled earlier, by [Moe89] , these are exactly the conditions for reducibility of the genuine principal series representation IndG B τ, which we are excluding, thus the proof of the lemma is completed.
We summarize our analysis on irreducible principal series representations in the following proposition. 
Lemma 7.6. Let σ 1 and σ 2 be two irreducible genuine representations ofT with
and Ext iT (σ 1 , σ 2 ) = 0 for i ≥ 2, where Ext iT is calculated in the category of representations of T with a given central character ofZ 2 which is σ 1 |Z2 = σ 2 |Z2.
Proof. We know that any irreducible genuine representation ofT is obtained as an induced representation from a genuine character of the finite index subgroupZT 2 , say σ 2 = indTZT 2 (χ 2 ). By Frobenius reciprocity, for all i ≥ 0 we have
Since σ 1 restricted to the abelian subgroupZT 2 is a sum of characters, we are reduced to the following claim whose proof we leave to the reader. (Our application of the claim below to the lemma above will involve A =ZT 2 , and C =Z 2 .) Claim: If A is an abelian group with C a subgroup of A such that A/C is of the form F × Z, for F a pro-finite group. Then for characters χ 1 and χ 2 of A with 
Proof. The conclusion of the proposition follows from the exact sequence of Kirillov theory,
together with Lemma 7.6.
Remark 7.8. In the previous proposition, we do not know the exact value of dim HomT(π, π N ) which for all we know at the moment may take any of the two values dim π N,ψ or dim π N,ψ + 1; similarly for dim HomT(π ′ , π ′ N ). However, since dim π N,ψ is either [F × : F ×2 ] − 1, or 1, this does not affect the conclusion of our main theorem 1.1. ( SL 2 (F) ) denote the set of isomorphism classes of irreducible genuine supercuspidal representations of SL 2 (F) and Irrep sc (SL 2 (F)), the set of isomorphism classes of irreducible supercuspidal representations of SL 2 (F). Assuming that the residue characteristic p of the field F is odd, we shall define a natural correspondence from Irrep sc ( SL 2 (F)) to Irrep sc (SL 2 (F)). This correspondence will allow us to transfer a question on representations on the covering group SL 2 (F) to a similar question on the linear group SL 2 (F). Let O F denote the ring of integers of F and ̟ a uniformizer in O F .
We recall the following well-known result.
Lemma 8.1. [Kub69] Assume that the residue characteristic of F is odd. Let K be a maximal compact subgroup of SL 2 (F). Then the covering SL 2 (F) of SL 2 (F) splits when restricted to the subgroup K.
Recall that there are two conjugacy classes of maximal compact subgroups of SL 2 (F) which can be represented by
We recall the following result due to Manderscheid. 
We claim that π := ind G K σ is an irreducible admissible supercuspidal representation of G. Given this claim, we define P(π) = π. It is known that if π is irreducible then it is also supercuspidal. So we shall only prove that π is irreducible. By [BH06, Theorem 3.11.4, and remark 1 following it] it suffices to prove that Hom G (π, π) = C where we shorten the notation and write G for SL 2 (F).
(We thank Sandeep Varma for this reference.) By Mackey theory, we have
Note that under the natural map G → G, the set of double cosetsK\G/K is in bijection with the set of double cosets K\G/K. For g ∈ K\G/K, if we prove
) then theorem will follow, because the irreduciblity of the compact induction forπ = indG Kσ implies that for 1 = g ∈ K\G/K, the space HomK ∩K g (σ|K ∩K g ,σ g |K ∩K g ) = 0.
Lemma 8.5. There is an isomorphism
).
In particular, both the spaces are simultaneously zero or non-zero.
Proof. WriteK ∼ = K × s µ 2 to emphasize the dependence of the isomorphism on the splitting s. Recallσ = σ ⊗ sign. Note that any representative of the double coset g ∈ K\G/K can be regarded as a representative inK\G/K. If we know that the two isomorphismsK
are the same then we have the following
Thus we have
It remains to prove the following innocuous looking, but crucial lemma.
The following lemma uses that the covering group is the two fold cover of SL 2 (F) since it crucially uses the fact that the inverse image in SL 2 (F) of the split torus in SL 2 (F) is abelian, a property which is shared by all metaplectic covers, i.e., two fold covers of Sp 2n (F), but is not shared by general covers of general reductive groups. 
Proof.
Note that:
(1) It is enough to prove the lemma for K = SL 2 (O F ).
(2) It is enough to prove the lemma for g ∈ SL 2 (F) which are a set of representatives of the double cosets of K in SL 2 (F). These representatives of the double coset of K\SL 2 (F)/K can be taken to be a n := ̟ n 0 0 ̟ −n for n ∈ Z ≥0 . Note that the restriction of the two splittings s and s g on K ∩ K g differ by a character of K ∩ K g with values in {±1}, i.e., a quadratic character. Our aim is to prove that this character is trivial. This character on K ∩ K g is given by
Let us write
Then, for g = a n , the intersection K ∩ K g = Γ 0 (̟ 2n ). For n = 0, there is nothing to prove. Now we assume n = 0 and, then Γ 0 (̟ 2n ) has a normal pro-p subgroup
will factor through a quadratic character of (O F /̟ 2n ) × . Note that this quadratic character of Γ 0 (̟ 2n ) is trivial if it is trivial on the diagonal elements of Γ 0 (̟ 2n ). Since the inverse image of the diagonal torus of SL 2 (F) is abelian, the element 
An equivalent way to state the previous lemma would be that inside
The correspondence defined in Theorem 8.4 has the following striking property. 9. Restriction of supercuspidal representations 9.1. Restriction of supercuspidal representations of SL 2 (F) toẼ 1 . In this subsection we study the restriction of an irreducible genuine supercuspidal representation of SL 2 (F) to a non-split torus. For any quadratic field extension E/F, let E 1 := {x ∈ E × : Nx = 1} where N denotes the norm of the quadratic extension. We fix an embedding E 1 ֒→ SL 2 (F) and we write E 1 for the non-split torus of SL 2 (F) determined by the field extension E/F. LetẼ 1 denote the inverse image of E 1 in the twofold cover SL 2 (F).
Lemma 9.1. The groupẼ 1 is abelian.
Proof. We already know that E 1 ⊂ F × E ×2 , andF ×Ẽ×2 is a maximal abelian subgroup ofẼ × , so the lemma follows.
Given a quadratic extension E/F, E × operates on the two dimensional vector space E over F, with E 1 leaving stable the maximal compact subring of E, thus E 1 ⊂ K, for K a maximal compact subgroup of SL 2 (F). For p = 2, we know that the twofold cover SL 2 (F) splits over K and hence over E 1 giving rise to an isomorphismẼ 1 ∼ = E 1 × {±1}. For any genuine characterν ofẼ 1 , we associate a character ν of E 1 such thatν = ν ⊗ sign.
The following result is a consequence of Proposition 8.8. HomẼ1(π,ν) ∼ = Hom E 1 (π, ν).
In the odd residue characteristic case, Proposition 9.2 enables one to transfer the question of restriction of a supercuspidal representation of SL 2 (F) toẼ 1 to a similar question of restriction of a supercuspidal representation of SL 2 (F) to E 1 .
9.2. Restriction of supercuspidal representations of GL 2 (F) toẼ × . In Proposition 9.2, we have transferred the restriction problem on covering groups to another restriction problem on linear groups where it is better understood. Since we are interested in understanding the restriction of an irreducible genuine supercuspidal representation of GL 2 (F) toẼ × , we now transfer this question to a related question of restriction of an irreducible genuine supercuspidal representation of SL 2 (F) toẼ 1 . We do this without any assumption on the residue characteristic of F. 
